) th a Any two objects are either 1st, or 2nd, ••. , or ill associates, the relation of association being symmetrical i.e., if the object Ct is the i th associate of the object~, then~is the i th associate of Ct. b) Each object a has n i , i th associates, the number n i being independent of Ct. c) If any two objects Ct and~are i th associates, then the number of objects which are jth associates of a, and k th associates of~, is P~k and is independent of the pair of i th associates a and~. (ii) Each object is contained in r sets (iii) If two objects a and~are i th associates, then they occur together in Ai sets, the number Ai being independent of the particular pair of i th associates a and~.
Partially balanced designs were introduced in experimental studies by Bose and Nair~5~, and have recently come into fairly general practical use. The concept of the association scheme, though inherent in Bose and Nair's~efinition, was explicitly introduced by Bose and Shimamoto~6~, as an aid to the classification and analysis of partially balanced designs. 2. Not to be confused with chromatic graphs, in which points, not segments, are colored. For a general discussion of linear graphs, see £llJ. are just enough to specify the number of segments of each color on each point, and the number of triangles of each combination of colors on each segment. The total number of segments, the total number of 2-chains, and the total number of triangles in the graph are then readily determined. Methods based on the incidence matrices of the graphs~16c an be used with (3.6) to enumerate certain chains of more than two segments. The arrangement in these graphs of all configurations involving two points or three points shows a striking regularity which does not extend to configurations having more than three points. It can be shown by examples that the points of the graph of color C i may not all lie on the same number of complete 4-points, and that two association schemes with the same parameter values may give graphs differing in the total number of complete 4·.points. This shows that the structure of concordant graphs is not determined completely by properties (a) to (c).
-4 -3. Association matrices.
We define 3
• The following identities are known £5] and can be proved easily by combinatorial methods, Proofs based on the matrices B 1 will be given in Section 5.
3. The convention will be adopted here of using a superscript as the column index of a matrix, the first subscript as the row index, and the second subscript as the index of the matrix itself. This choice is dictated by the notation already established for the parameters P3k' -5 -
Further the following two identities hold for designs. Since the B's are commutative, the (P,S are commutative. In general they are not incidence matrices and are not symmetric. tPk does not have equal row totals, but has the same equal column totals n k as~.
In analogy with (3.3), all elements of row j ot i~are equal to n J 
f(h) is divisible by $(h).
Similarly~(h) is divisible by f(h). Since both are monic polynomials,
That is, B and~have the same distinct characteristic roots, and every matrix B has at most m+l distinct characteristic roots which are solutions of the minimum e~uation of~.
Applications to combinatorial problems.
Association matrices will be used to derive some results first ' obtained in ["9 J by a longer method.
The incidence matrix N = (n ij ) of a design is defined by n ij =1 if treatment i occurs in block jj = 0 otherwise. 6. Connectedness was assumed implicitly in £9~.
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on using the identities (3.1) and (3.2). The roots are given by
where
To determine the multiplicities 01 and a 2 we note that
Solving and using (4.1) n l +n 2 (n 1 -n 2 ) + '1(n 1 +n 2 ) a 1
Thus the multiplicitiesa 1 and a 2 of the roots of NN' are determined in terms of the parameters of the design. It is striking that, being independent of r and Ai' these multiplicities are the same for all designs having a given association scheme. This is an instance of some general properties of a i to be established in section 6.
For a design to eXist, a l and 02 must be integral. The condition this imposes on the parameters appearing in (4.2) has been used in To prove a new identity in the case m=3, set j=s=l, k=t=2 in (5.4), giving
We remark that when m=3, other choices of j, k, s, t lead to relations equivalent to this one, The use of a smaller number of parameters will make it easier to recognize equivalent expressions and will be helpful shows that matrices with elements other than 0' sand lls~aYl1ave the same algebraic behaVior as association matricee an~may lead to the same It was pointed out in section 4, that 00 =1 for the matrix NN' if it is irreducible (which is the case when the design is connected). This completes the proof but an additional remark should be made.
The element B may be such that distinct roots~lead to the same value A A Q, whose multiplicity a will be equal to the sum of two or more a~. In it is in fact necessary that A be a perfect square, implying that the roots are rational. The additional fact that they are integers is not obvious from (4.1). It is further shown in~9t
hat if a l =a 2 , it is possible that A will not be a square and that the roots will be irrational. This is precisely the case in known designs of cyclic type. The relation is proved by applying Frobenius' theorem to both sides of (3.8).
It is interesting to note the amount of simplification that has now been made in the study of a matrix of the algebra 1 for example the parameters, depending only on the association scheme. The coefficients of r,Al,.,.,A m are zu1' the characteristic roots of the matrices i' which also depend only on the aS30ciation schemes. In some cases the zui can be shown to be integers and in any case they satisfy the system of quadratic equations (6.4). Once zui values are found for some of matrices l""'~m' the equations (6.4) may be particularly useful, not only permitting an easy determination of the remaining zui ' but giving them in the order required by Frobenius' theorem and used in Theorem 6,1.
The matrix Z = (zui) seems deserving of further study. As an indication of its usefulness we make the following remark.
